For any given integers s, d and m (large with respect to s and d) tight bounds are given for the maximum number of sets in a set system on m elements with the property that any s of those sets have distinct representatives and each element is contained in at most d sets.
Introduction
Let G=(A,B;E) be a bipartite graph with bipartition A, B, and edge set E. For a natural number s, call G s-matchable if for every subset SSA of at most s elements there are ) S 1 pairwise disjoint edges from S to B. In [9] , West and Banerjee raised the following problem.
Given s,d and n, determine the minimum number m=m (n,s, d) for which there exists an s-matchable bipartite graph G =(A, B; E) with 1 A 1 =n and 1 Bj = m, such that every vertex in B has degree at most d.
(*)
In the original interpretation, the elements of B represent communication links of bounded capacity which, through the edges of G, can establish parallel access for any set of s users (represented by A). The smaller m is achieved, the more efficient network is obtained. The relation between such systems and superconcentrators is explained in [9] . In [l] and [S] the subject has been studied with application to reliability testing. By the well-known one-to-one correspondence between bipartite graphs and hypergraphs (possibly having multiple edges), we obtain the following equally interesting problem (equivalent to (*)). Call a set system F s-representable if for any s sets F,, . . . , F,EF there exist distinct elements xi, . . . , X, such that Xi~Fi for 1 <i < S. (In our general lower and upper bounds on U(s,d) . It is shown that holds for every fixed (s,d) with ~32 and d>2, where Q-+Q and E~+O as d-x. Section 3 improves the lower bound of Section 2 by a more complicated argument, and Section 4 determines H (s, d) exactly for all d if s < 4, and for infinitely many d if SE{6, 8, 12) .
General estimates
For a graph G, we denote by V(G) and E(G) the set of vertices and edges, respectively. Further, d(v) is the degree of a vertex u and for XC V(G), T(X) denotes the set of all vertices in V(G)-X which are adjacent to at least one vertex of X. According to the well-known K&rig-Hall theorem, a bipartite graph G =(A, B; E) is s-matchable if and only if 1 f (X)1 3 1 X 1 for every XC_ A, 1 X 1 <s. Denote by &' (n, s, d ) the class of all s-matchable bipartite graphs G = (A, B; E) such that (A I= n and d(v) = d for every CEB. Obviously, m(n, s, d)=min 1 BI, where the minimum is taken over all GE&(n,s,d) .
Therefore, in what follows, when investigating the behaviour of O(s,d) we will confine ourselves to the class CZZ. At first we will deal with the lower bounds on O(s,d) . We will need the following result. ZIEA, d(u)=ij, i=1, 2, and A; ={u; UEA, d(v)>3f. Let cx=CucA; d(c) . Then
Proof. For each VEA, define two collections of paths starting at u: Y(u)=(P: P starts at v, ends in A,, is disjoint from A;, has length 2t) (i.e. 1 V(P)I=2t+ l), 9"(v) = (P: P starts at v, ends in A;, has no internal vertices in A;, has length <2t). By s-matchability, there is no path of length 2t with both endpoints in A, and disjoint from A;. Hence, the set S(u)=Y '(u)u~"(u) contains all paths of length <2t from L; to A with no internal points from Aj.
By Lemma 2.1 each edge incident to Aj is the end of at most one PEU"~~, Y '(u) . There are r such edges and w(P)<(d -l)'-' for each P. So,
To finish the proof of (1) it is sufficient to show that
For i= 1, . . . . t, and UEAi let a, be the number of paths of length 2i starting at u, terminating in A,, disjoint from A;, and let bi be the number of paths in Y'(u) of length 2i.
As every vertex of B is of degree d, there are d -1 paths of length 2 starting at u and terminating in A. By s-matchability none of them terminates in AI. So,
For i < t, according to Lemma 2.1, no two of the Ui paths of length 2i, that start at u and terminate in AZ can terminate at the same vertex. Each path P of these ai paths can be extended in d -1 different ways to paths of length 2i + 2. To show this, let UEA~ be the terminal vertex of P and WEB be the neighbour of u not preceding u on P. If WEP then there would be two paths of length <s from u to v, disjoint from Aj which violates Lemma 2.1. Thus, there are ai(d -1) paths of length 2i + 2 starting at u and terminating in A, no internal point of which is in A;. Because bi+ 1 of them terminate in A; s-matchability guarantees that none of them terminates in A,,
by (2) and (3),
PEY'(U) i=l
Thus,
and we are done. 0
Theorem 2.3. Let s >, 3, d > 3 he natural numbers. Then
1 (d-l)th:'j + 1 ,< U(s, d). Proof. Let G=(A, B; E) be a bipartite graph from d(n,s, d). Put At = {v; UEA, d(u)=i}, i=1,2, and A;={v: UEA, d(v)33}. Let cz=CveAid(v). Define k by n=(d/2)IBJ+k. i.e. k=n-(d/2)IB(. First we will prove that IAIl-r>6k-21A,I.(4)
IA1132k (5)
To prove (4) we use (EI=(A11+21AzJ+cl and n=IA,(+IA,\+IAjl. Then 2)All+ 21A, I+21A; I=2n=d(BI+2k=IEI+2k=r+21A, \+lAII+2k. Thus,
Now, ~AII-cc=2k-2~A~I=6k-2(2k+IAj\)36k-2~A,I because (6) also yields I A, I >, 2k + I A; I by the trivial inequality t( > 3 I A3 1, and (4) is proved. (4) is equivalent to 31 A, Ia6k +cx implying I A, (3 2k+ix>,2k, and (5) follows. Let p, t be as in Lemma 2.2. Then, by the degree condition on AZ, and by Lemma 2.1 thenumberp=C,,,J~'(v)lsatisfiesp,<2)A,),(JEJ=dIBJ.By(l),applying(4)and(5) 
Lemma 2.4. Let G=(A, B; E) be a bipartite graph of girth at least 2s, such that the distance between any two vertices of degree 1 ofA is at least 2s. Then G is s-matchable.
Proof. If G is not s-matchable, let SE A be a subset of minimum cardinality such that [ N(S)1 <[S 1. If IS 1 <s, then the girth condition implies that the subgraph induced by SUN(S) is a forest F, and the minimality of S makes this a tree. Furthermore, the distance condition implies that F has at most one leaf in S, so F has at least one leaf in N(S). Let S' be the neighbours in S of the leaves of F that are in N(S). Since IS'1 is at most the number of leaves of F in N(S), we have IN(S-S')l <IS-S'l, contradicting the minimality of S. 0
It is well known that for each pair 923, r32 of natural numbers there exists an r-regular graph of girth g (see e.g. [6] ). Denote by f(g,r) the minimum possible number of its vertices. There are many papers dealing with upper bounds onf (g, r) in general or for some special values g and r. As far as we know, the best general upper bound onf(g, Y) has been obtained by Sauer [7] , saying that for g>3, r33, .f(g,r)d2(r-l)g-2, g odd,
Applying Theorem 2.5 we obtain Theorem 2.6. Let d > 3, s >, 3 be natural numbers. Then
,fiw s odd,
jbr s even.
An improved lower bound
In this section we verify a stronger form of Theorem 2.2 by a more complicated argument.
Although the 'error term' in both expressions has the same order of
th e next result will turn out to be best possible in several cases, as we will see in Section 4.
Theorem 3.1. Let s 2 4, d 3 3 be natural numbers. Then
Proof. Let G be a graph from &(n, s, d) with partition A, B, where IA I= n. We may assume that G has 2n -y edges, with y > 0, else 1 B [/I A I= ) E I /nd already satisfies the bound, We show that
for s odd.
Assuming that (7) It will be shown that
for l<iC2,
By applying (9), (lo), (11) and (12) to (9) (10)
~=I~131~3I+I~kl+lGI+ c lril i=l and using some estimations, we will obtain (7). Since G is bipartite, the total number of edges in G equals CUEAd( i.e.
2n-y= c d(r)+ c d(r)+ 1 d(r)+ c d(u)
which gives 1 To\= z + x + y and (9) is proved. Denote by C the subgraph of G induced by the subset of vertices u,,sicS,z V+J~. Note that by the definition of the V's and T's every vertex in T, vi (id s/2) is connected in C with some vertex of T, by a path whose length is 2i, 2i + 1, respectively. Applying Lemma 2.1 we obtain the following.
For 06 ib(s-2)/2, every VE t$ is adjacent to precisely one vertex in T. For 1 di<(s-1)/2, every VE z is adjacent to precisely one vertex in P'_ 1. (13) By (13) 
Thus, applying (9) n,y(d-lp+1,~2-l+
Denote by qz8 and qz the last two (bracketed) terms. We will prove that both of them are nonnegative. In fact, it will turn out that their minimum is achieved when z' = z = 0.
This property is easily seen for qzs since among the negative terms zb has the largest factor and therefore by (8) the worst case occurs for fixed x when zb =2x and z; = z; = ..' = 0. Since d 3 3, even in this 'worst case' we have qz.
To prove qz 20, we need one more observation. Denote by R the set of vertices VEA, that have no neighbour outside uobi<s,2 vi. Let WY, WV,, w? be the neighbours of UER. Denote by iy the subscript i for which WOE Vi (j= 1,2,3). Now we have i",+i ",+i",as-3 for UEA,.
Indeed, otherwise we would have three paths Py (j= 1,2,3) of respective lengths 2iy+2, that join some vertices of To with U. Setting
A,={o}u(P~uP,"uP,")nA and B,=(P,"uP;uP,V)nB, we would have T(A,) = B, and 1 B,I + 1 d ) A,/ d s.
Thus, A, would not be matchable, contradicting our assumptions. Now we find the minimum value of qz by investigating the behaviour of iy. For any vertex UEA,-R, the most negative contribution to qz arises when v has two neighbours in V,. For VER, (14) implies that u can have at most one neighbour in Vo. Assume that 1~ iz <it;. Replacing those two values by i$ -1 and iv3 + 1, qz diminishes. Thus, the minimum is achieved when z. = 22 and zr = z2 =. .s = 0, implying qz3z+d_2/ 9 z>O for d>3.
For s even, also (12) has to be taken into account. Now a computation similar to that given above yields
Again, applying (9) and (14) one can see that the minimum z,=&, z;=z,=...= z:,~ =z~,~=O, and then (7) as follows.
is obtained when zb = 2.x,
0
We note that the above theorem is valid for s=3 as well. The proof for this case, however, is entirely different from the previous one, and therefore, we found it more reasonable to place it in the next section.
Sharp results
For the sake of completeness, first recall the previously known particular cases.
Theorem 4.1 (West and Banerjee [IS]). Let s, d he natural numbers where s d 2 or d < 2.

Then H(s,d)=s/(s+d-1).
The next result settles the case s = 3. Thus, if the Koning-Hall property did not hold for a 3-element set, then there were a "ij of degree 2, the two neighbours of which are adjacent to some vertices of degree 1. Since such a "ij does not exist, the upper bound follows.
To show the lower bound, take G =(A, B; E)E.G! (Iz, 3, d) 
The weight (the upper bound of the weight) of a vertex beB is given in Table 1 . Now our aim is to prove that B' is fairly large with respect to Bo, B1 and B3, which will imply that the average weight WB is sufficiently close to d/2.
Since G is 3-matchable, every UEA, has at most one of its two neighbours outside B'. Hence, T(B,)nA,, T(Bl)nA, and T(B,)nA* are pairwise disjoint sets of respective cardinalities (d -1) 1 B, 1, (d -2) I B, ) and (d -3) For the average value of Wi in the resulting groups, we have 
